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Problem setting

Node classification Graph regression
Given a graph, predict the category of Given a graph, predict a quantitative
unlabeled nodes attribute of it
o . ® o . ®
=== Prediction
= Ground truth
@ | —
O @
@ . . . Energy
Mishra et al. (2020) Carbone et al. (2020)
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Contributions

« LanczosNet uses the Lanczos algorithm to
efficiently extract useful features from
graphs

 The architecture allows multi-scale
analysis in large graphs

* Achieves SOTA performance in two
challenging benchmarks
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Previous approaches

Supervised/semi-supervised learning
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Battaglia et al. (2018) Vishwanathan et al. (2020)
Unsupervised learning
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Previous approaches

Graph Convolution Based Models
* Origins in graph signal processing (GSP)
« Supported by spectral graph theory

Spectral Networks Graph Attention Networks

concat/avg /
kA

Bruna et al. (2014) Velickovic et al. (2018)
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Previous approaches

Recurrent Neural Networks based Models
 Origins in recurrent neural networks (RNNSs)

» Graph neural networks (GNNSs)

Gated Graph Sequence Neural Networks
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Li et al. (2017)
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Previous approaches

Graph based manifold learning

 High to low dimensional representations Diffusion maps
* Reduces graph compIeX|ty 2 Gaussians 3 Gaussians Uniform density
1. ‘:" ) R !
Locally Linear Embedding (LLE) R o
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Roweis & Saul (2000) Nadler et al. (2006)

UNIVERSITY OF

¥ TORONTO



Background

Graph notation and definitions

« Undirected graph

a

g
G = (V,E)
V={vy,..,vn}

E = {vi, v} e, (Vi v}

with v;,v; € V and v; # v;

2 UNIVERSITY OF
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» Adjacency matrix

)1 if there is some edge {v;,v;} € E
v 0 otherwise.

V1VU2VU3V4 V5

v

=] S«
—_ = = O
O = O = =
_ O = = O
O = O = O

o O

Gallier (2020)
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Background
Graph notation and definitions

* Degree matrix

dv)=ueV|(v,u) € Eor(u,v) € E}|

D(G) = diag(dl, cee dm)

=

O OO = O
OO W oo

o O O

—
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Gallier (2020)

 Laplacian matrix

L=D-A
9 —1-10 0 20000 01100
14 —1-1-1 04000 10111
1-13 10| =1|00300[=]11010
0 -1 -1 3 —1 00030 01101
0 -1 0 —1 2 00002 01010

L(G) = D(G) - W,

Loym = D™?LD™? 5
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Background

Additional background...

« Graph Fourier Transform » Localized Polynomial Filter
L=I-D"2AD"z Gu(A) = 32770 w A
S =D 3AD 3 w = [wg,wr,..., wy_q] € RTX!
S =UAU"T T—1
Y = th(s, St X W,
A¢’¢=)\iand12)\12---2)\j\r2—1 t=0
Y =U'X Y € RVxO W; € RFxO
X € RVXF

UNIVERSITY OF Liao et al. (2019)
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Methods

Lanczos Algorithm

Algorithm 1 : Lanczos Algorithm
. Input: S, x, K, €

(=

2: Inmitialization: 3y = 0, g = 0, and ¢; = Goal: Obtain an approximation of
/|l .
3: Forj=1,2,.... K: « Orthogonal matrix
4: z = Sg; L .
=+ * Symmetric tridiagonal matrix 7

5: Vi =45 2

6 2=z~ Bi-10i1 » Suchthat Q' SQ =T

7 B = [12l2

8: If 5; <€, quit

9: i1 = 2/p;

o 4j+1 /Bj f B

1 Q= [q1, 92, - , K] B
12: Construct T" following Eq. (2) » T =
13: Eigen decomposition ' = BRB ' Br_1
14: Return V' = QB and R. i BN_1 AN

7] UNIVERSITY OF Liao et al. (2019)
% TORONTO




Methods

LanczosNet

» Localized Polynomial Filter

X'i c RNXl
Q of K (5, X. ;) and T
Y; = Qu; ;

w;; € R Q € RVxK

s

UNIVERSITY OF
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Liao et al. (2019)

« Spectral Filter

s oTQ7 Q € RVxK
T = BRB' B € RExK
S~VRV' V=0B

St ~ VRIVT

Y; = [Xi,SXi, ..., SE X wi

~ (X, VRVTX,, ..., VRF 'V X |w; ;
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Methods

LanczosNet

» Learning the Spectral Filter

K
Y; = [X;, VRV'X,,...,VRE W Xiw; Z (ri,re, - ’r,ff 1)@,@@;
=1
{(Tiavi)“:la--'aK} }/j:[XZ,IAle .. LK 1X]'I.Uzj

» Multi-scale Graph Convolution
Y = [LSlX,...,LSMX,El(I)X,...,ﬁN(I)X] W
W e RIM+E)DXO = {0,1,...,5} I =1{10,20,...,50}

-
Zfz rk; 7Tk; y " klIl)Ukvk
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Methods

LanczosNet

—_
[ {rx, v}k = Lanczos(L)

i)

% T
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Long Range Spectral Filtering
e.g,1={20,50,,..}

K

T L Iy I T

Iy = Zfi(r Y WiV
k=1

[Hl- =o(Lxw;) Vvie[|l] ]

Short Range Spectral Filtering
eg,S=1{1,2,..}

[ H=osxw) vie[s)) |

Layer 1

Long Range Spectral Filtering
e.g, 1 =1{2050,,..}

=~

K
L I 1
i = Z fir 2, e, DVVE
k=1

[Hi =o(Lxw;) Vie ][] ]

Short Range Spectral Filtering
eg,S=1{1,2 ..}

[ H; = a(LSiXW,) Vi€ [|S]] ]

Layer 2

Liao et al. (2019)

=

[ Y = Output(H) ]
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Experiments

Citation networks

Goal: Predict class of unlabeled nodes (documents)

(a) CORA-ML (b) CiteSeer

Cheung et al. (2020)
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in citation networks

(c) PubMed
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Experiments

Citation networks

Goal: Predict class of unlabeled nodes (documents) in citation networks

Cora
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L Net
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71.7+24
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50.5 £6.0
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| GCN-FP

GGNN

DCNN

ChebyNet
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GraphSAGE
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AdaL.Net
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Experiments

Quantum Chemistry

Goal: Predict 16 quantities per molecule in QM8 dataset

600 ’
500
400
300
200
100

count density

0.10

0.0

cHy \Q 0.6 0.40 A
T
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Experiments

Quantum Chemistry

Goal: Predict 16 quantities per molecule in QM8 dataset

Methods Validation MAE (x1.0e73) Test MAE (x1.0e3)
GCN-FP [ V] 15.06 £+ 0.04 14.80 £+ 0.09
GGNN [ 7] 12.94 £+ 0.05 12.67 = 0.22
DCNN [“] 10.14 £+ 0.05 9.97 £ 0.09
ChebyNet [ /] 10.24 £+ 0.06 10.07 £ 0.09
GCN[!1] 11.68 £+ 0.09 11.41 £0.10
MPNN [7] 11.16 £ 0.13 11.08 = 0.11
GraphSAGE [ "] 13.19 £+ 0.04 1295 £0.11
GPNN [] 12.81 £+ 0.80 12.39 £ 0.77
GAT [ 7] 11.39 £+ 0.09 11.02 £ 0.06
LanczosNet 9.65 + 0.19 9.58 + 0.14
AdalLanczosNet 10.10 £ 0.22 9.97 +£0.20

% TORONTO
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Experiments

Ablation studies in QM8

Multi-Scale Graph
Convolution

Lanczos Step

Learning Spectral
Filter

Graph Kernel/Node
Embedding

UNIVERSITY OF

¥ TORONTO

Graph Node Spectral Lanczos Validation
Model Kernel Embedding Filter Short Scales Long Scales Step | MAE (x1.0e?)
LanczosNet one-hot {1,2, 3} 10.71
LanczosNet one-hot {3,5,7} 10.60
LanczosNet one-hot {10, 20, 30} 20 10.54
LanczosNet one-hot {3,5.7} {10, 20, 30} 20 10.41
LanczosNet one-hot {10, 20, 30} 5 10.49
LanczosNet one-hot {10, 20, 30} 10 10.44
LanczosNet one-hot {10, 20, 30} 20 10.54
LanczosNet one-hot {10, 20, 30} 40 10.49
LanczosNet one-hot 3-MLP  {3,5.7} {10, 20, 30} 20 10.44
LanczosNet one-hot 5-MLP  {3,5.7} {10, 20, 30} 20 10.54
LanczosNet v 3-MLP  {3,5,7} {10, 20, 30} 20 10.26
LanczosNet v 3-MLP {l, 2,3,5,7, 10, 20, 30} 20 9.56
AdaLanczosNet v’ one-hot 3-MLP  {3,5,7} {10, 20, 30} 20 10.99
AdaLanczosNet v 3-MLP  {3,5,7} {10, 20, 30} 20 10.20
AdaLanczosNet v 3-MLP {1,223} {5, 7,10, 20, 30} 20 9.96

Liao et al. (2019)
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Conclusions

« LanczosNet uses the Lanczos algorithm to
extract useful features from graphs

* The method enables analysis of multi-scale
patterns in graphs

 Allows efficient learning of spectral filters

» Achieves SOTA performance in two
challenging benchmarks
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Limitations

* The Lanczos algorithm could be time consuming,
less desirable for real-time applications

* What is the applicability in directed graphs?

« What are the implications for use in graphs with
significantly larger size?

UNIVERSITY OF
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Questions?

- Please reach out in Piazza '-
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